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Explosion of Genomic DataExplosion of Genomic Data

•• http://http://www.ncbi.nlm.nih.gov/Genbank/genbankstats.htmlwww.ncbi.nlm.nih.gov/Genbank/genbankstats.html



Challenges in Genomic Data AnalysisChallenges in Genomic Data Analysis

•• Underdetermined systemUnderdetermined system

Kohane et al., Microarrays for Integrative Genomics, 2003
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Challenges in Genomic Data AnalysisChallenges in Genomic Data Analysis

•• The curse of dimensionalityThe curse of dimensionality
•• Example: kExample: k--NNNN
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Hastie et al., The Elements of Statistical Learning, 2001



BiclusteringBiclustering

•• IdeaIdea
– Focus on subsets of data
– Simultaneous clustering of objects and 

features
•• Subspace clustering + 2Subspace clustering + 2--way clusteringway clustering
•• Allow overlapsAllow overlaps



Clustering vs. biclusteringClustering vs. biclustering

•• ClusteringClustering •• BiclusteringBiclustering



BiclusteringBiclustering

•• ProsPros
– Can handle the curse better

• Some desirable statistical properties reported

– Finer, more localized analysis
• Samples/experimental conditions can be diverse

– Overlaps allowed
• Genes have multiple functions

•• ConsCons
– Reliable statistics needed for validation
– Inherently intractable problem



Main ContributionsMain Contributions

•• Mathematical characterization of the Mathematical characterization of the 
biclustering problembiclustering problem

•• An exact and scalable algorithmAn exact and scalable algorithm
– Leveraged by symbolic manipulation of 

Boolean functions

•• ApplicationsApplications
– DNA microarray data analysis
– Predicting gene regulatory modules
– Correlating clinical parameters with genes



OutlineOutline

•• IntroductionIntroduction
•• Problem formulationProblem formulation

– Homogeneous biclusters
– 3 types of homogeneous biclusters

•• Algorithm descriptionAlgorithm description
•• ApplicationsApplications



Biclustering ProblemBiclustering Problem

•• InputInput
– A=(R,C), a matrix of real numbers
– D, a specific condition giving some semantics

•• OutputOutput
– Biclusters B=(I,J) 

• Submatrices of A
• Satisfy the condition D
• Can overlap with each other



ExampleExample

3.03.02.02.03.03.03.03.0

2.02.03.03.02.02.02.02.0

3.03.01.01.01.01.01.01.0

1.01.01.01.01.01.01.01.0

1.01.01.01.01.01.0

1.01.01.01.01.01.0

3.03.03.03.0

2.02.02.02.0

1.01.01.01.0

1.01.01.01.0

3.03.03.03.03.03.0

2.02.02.02.02.02.0

1.01.01.01.01.01.0

•• DD: the values on each row are constant: the values on each row are constant



Homogeneous BiclustersHomogeneous Biclusters

•• Given matrix A and condition Given matrix A and condition DD
•• Suppose B is a bicluster in A under Suppose B is a bicluster in A under DD
•• B is called B is called homogeneoushomogeneous ifif

– Any sub-bicluster of B also satisfies D
•• Example Example 

– D: the values on each row are constant

3.03.03.03.03.03.0

2.02.02.02.02.02.0

1.01.01.01.01.01.0

3.03.02.02.03.03.03.03.0

2.02.03.03.02.02.02.02.0

3.03.01.01.01.01.01.01.0

1.01.01.01.01.01.01.01.0



Homogeneous BiclustersHomogeneous Biclusters

•• Desirable propertiesDesirable properties
– More intuitive
– Allow us to devise a more efficient algorithm

• Optimal substructure for dynamic programming

– Can be statistically better 
• Smaller residues (in ANOVA theory)

•• Many examples in the literatureMany examples in the literature
– xMOTIF, δ-valid kj pattern, GEMS
– OPSM, OP-cluster
– δ-pCluster



Our MethodOur Method

•• Applicable to finding homogeneous Applicable to finding homogeneous 
biclusters of any definitionbiclusters of any definition

•• Three specific examplesThree specific examples
– Type 1

• Biclusters with constant values on rows

– Type 2
• Biclusters in which the order of values on each

row is preserved

– Type 3
• Biclusters with coherent values



Type 1Type 1

•• Definition: RANGEDefinition: RANGE
– RANGE(<1,2,3,4,5>) = 4

•• Type 1 homogeneous biclusterType 1 homogeneous bicluster
– A submatrix (I,J)
– Given τ >= 0,

•• Related examplesRelated examples
– xMOTIF, δ-valid kj pattern, GEMS



Type 1 BiclusterType 1 Bicluster

3.03.02.02.03.73.73.23.2

2.52.52.42.41.91.92.02.0

3.03.03.33.33.13.13.03.0

1.71.71.21.21.01.01.41.4 1.4 – 1.0 = 0.4 <= 0.5

3.3 – 3.0 = 0.3 <= 0.5

2.4 – 1.9 = 0.5 <= 0.5

τ = 0.5



Type 2Type 2

•• Given a data matrix A = (R,C)Given a data matrix A = (R,C)
– Let J � C be a set of size s >= 2
– Let π = (p1,p2,…,ps) be a linear ordering of J

•• Type 2 homogeneous biclusterType 2 homogeneous bicluster
– A submatrix (I,J)
– The order of the values on rows are 

preserved
– That is,

•• Related examplesRelated examples
– OPSM, OP-cluster



Type 2 BiclusterType 2 Bicluster

•• R={1,2,3}, C={1,2,3,4}R={1,2,3}, C={1,2,3,4}
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pScore pScore (Wang et al, 2002)(Wang et al, 2002)

•• Measure of coherenceMeasure of coherence
– Defined over 2 } 2 matrices
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Type 3Type 3

•• Type 3 homogeneous biclusterType 3 homogeneous bicluster
– A submatrix (I,J)
– Given τ >= 0 

• Every 2 x 2 submatrix X has

•• Related examplesRelated examples
– δ-bicluster, FLOC cluster, δ-pCluster

τpScore(X) ≤



Type 3 BiclusterType 3 Bicluster

•• ττ = 1= 1

2.02.05.05.04.04.03.03.0

6.06.03.03.02.02.02.02.0

3.03.04.04.03.03.02.02.0

5.05.02.02.09.09.06.06.0
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Problem StatementProblem Statement



OutlineOutline

•• IntroductionIntroduction
•• Problem formulationProblem formulation
•• Algorithm descriptionAlgorithm description

– Overview
– Step 1: finding seeds
– Step 2: deriving biclusters from seeds

•• ApplicationsApplications



OverviewOverview

TwoTwo--step processstep process

STEP 2STEP 2
•• Powerful biclustering enginePowerful biclustering engine
•• DSPDSP
•• Derive biclusters from seedsDerive biclusters from seeds
•• Common for all bicluster typeCommon for all bicluster type
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STEP 1STEP 1
•• UserUser--specified frontspecified front--endend
•• AD ConverterAD Converter
•• Generate Generate ““seedsseeds””
•• Determines bicluster typeDetermines bicluster type
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Step 1: SeedsStep 1: Seeds

•• Biclusters of the minimum number of rowsBiclusters of the minimum number of rows

•• Finds only maximal seedsFinds only maximal seeds
•• PolynomialPolynomial--time algorithmtime algorithm

(2 x k) matrix(2 x k) matrixType 3Type 3
(2 x k) matrix(2 x k) matrixType 2Type 2
(1 x k) matrix(1 x k) matrixType 1Type 1



Finding Type 1 SeedsFinding Type 1 Seeds

•• Type 1 seed: a row vector with near constant Type 1 seed: a row vector with near constant 
valuesvalues

•• Example (Example (ττ = 0.5)= 0.5)

3.03.02.02.03.73.73.23.2

2.52.52.42.41.91.92.02.0

3.03.03.33.33.13.13.03.0

1.71.71.21.21.01.01.41.4

1 2 3 4

1.71.71.41.41.21.21.01.0

2 3 1 4

1.41.41.21.21.01.0

2 3 1

1.71.71.41.41.21.2

3 1 4

1

2

3

4

•• Two seeds for row 1Two seeds for row 1
– ({1},{1,2,3})
– ({1},{1,3,4})



Step 2: Big PictureStep 2: Big Picture
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Determining IDetermining I
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Determining IDetermining I

12 13 14 15 23 24 25 34 35 45

123 124 125 134 135 145 234 235 245 345

1234 1235 1245 1345 2345

12345

•• Lattice forLattice for



12 13 14 15 23 24 25 34 35 45

123 124 125 134 135 145 234 235 245 345

1234 1235 1245 1345 2345

12345

•• Suppose thatSuppose that

Determining IDetermining I



12 13 14 15 23 24 25 34 45

123 124 125 134 145 234 245

1234 1245

•• Also,Also,

Determining IDetermining I



Most Cited CS PapersMost Cited CS Papers

•• http://http://citeseer.ist.psu.edu/source.htmlciteseer.ist.psu.edu/source.html
(as of July 2004)(as of July 2004)

1. 1. GraphGraph--Based Algorithms for Boolean Based Algorithms for Boolean 
Function ManipulationFunction Manipulation -- Bryant (1986) Bryant (1986) 

2. 2. Optimization by Simulated AnnealingOptimization by Simulated Annealing --
Kirkpatrick, Kirkpatrick, GelattGelatt, Jr., , Jr., VecchiVecchi (1983) (1983) 

3. 3. A Method for Obtaining Digital Signatures A Method for Obtaining Digital Signatures 
and Publicand Public--Key CryptosystemsKey Cryptosystems -- RivestRivest, , 
ShamirShamir, , AdlemanAdleman (1978)(1978)

14. 14. Fast Algorithms for Mining Association Fast Algorithms for Mining Association 
RulesRules -- AgrawalAgrawal, , SrikantSrikant (1994)(1994)

15. 15. The Java Language SpecificationThe Java Language Specification -- Gosling, Gosling, 
Joy, Steele (1996)Joy, Steele (1996)



Reduced Ordered BDDs Reduced Ordered BDDs (Bryant)(Bryant)

•• OrderedOrdered
•• ReducedReduced

– 1. Merge equivalent sub-trees
– 2. Remove nodes with identical children

a

b

c

b

10

10

ccc

0 0 10 1 0

a

bb

c

0 1

c

0

a

b

c

0 1



S. Minato, BDDs and Applications for VLSI CAD, Kluwer, 1996

ZeroZero--suppressed BDDs (Minato)suppressed BDDs (Minato)

•• Optimized for sets of combinationsOptimized for sets of combinations



DefinitionDefinition



ExampleExample

•• ττ=0.5, t=1=0.5, t=1

3.03.02.02.03.73.73.23.2

2.52.52.42.41.91.92.02.0

3.03.03.33.33.13.13.03.0

1.71.71.21.21.01.01.41.4

3.03.03.33.33.13.13.03.0

1.21.21.01.01.41.4
1 2 3 4

1
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4

1 2 3 4

1 2 3

1
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3.33.33.13.13.03.0

1.21.21.01.01.41.4

1 2 3

1

2
•• I = {1,2}I = {1,2}
•• J = ?J = ?



ExampleExample

2.02.01.01.00.00.01.01.0

4.04.03.03.02.02.02.02.0

6.06.05.05.03.03.02.02.0

5.05.02.02.09.09.06.06.0

•• ττ=1, t=3=1, t=3
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4
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•• I = {2,3,4}I = {2,3,4}
•• J = ?J = ?



DefinitionDefinition



TheoremTheorem



OptimizationsOptimizations

1.1. Dynamic programmingDynamic programming
– The optimal substructure appears in the 

theorem due to homogeneousness

2.2. Implement the operator Implement the operator �� using ZBDDsusing ZBDDs



Dynamic ProgrammingDynamic Programming
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•• Type 3, I = {1,2,4,5}Type 3, I = {1,2,4,5}
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Efficient Implementation of Efficient Implementation of ��

•• Use ZBDDUse ZBDD
– First, represent operands in ZBDD
– Second, manipulate them directly in ZBDD



Direct manipulation of ZBDDDirect manipulation of ZBDD

⊗
⊗

⊗
⊗⊗

•• Idea: recursive decompositionIdea: recursive decomposition
– If P = P0 ☯ P1 and Q = Q0 ☯ Q1

– Then P ☯ Q = (P0 ☯ Q0) ☯ (P1 ☯ Q1)
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Finding BiclustersFinding Biclusters



OutlineOutline

•• IntroductionIntroduction
•• Problem formulationProblem formulation
•• Algorithm descriptionAlgorithm description
•• ApplicationsApplications

– DNA microarray analysis
– Finding regulatory modules
– Correlating genes with clinical parameters



DNA MicroarrayDNA Microarray

Renal cell carcinoma data (Higgins et al., 2003)



Synthetic DataSynthetic Data
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Synthetic DataSynthetic Data
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Actual Gene Expression DataActual Gene Expression Data
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Our method (ZBDD)
Our method (no ZBDD)
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# biclusters foundYeast cell cycle data 
(Tavazoie et al., 1999)



PP--valuevalue
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Delta-biclustering
Our method
Random
pClustering

Fraction of 
biclusters

Log(P-value)Yeast cell cycle data 
(Tavazoie et al., 1999)



ROC CurveROC Curve
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SummarySummary

•• Explosion of genomic dataExplosion of genomic data
– New techniques are emerging

•• BiclusteringBiclustering
– Useful but can be computationally expensive

•• BDDBDD
– Efficient data structure + algorithms for BF

•• Our biclustering algorithmOur biclustering algorithm
– Leveraged by ZBDD
– Exact and scalable algorithm

•• Various applicationsVarious applications



For Further InformationFor Further Information

•• S. Yoon, C. Nardini, L. S. Yoon, C. Nardini, L. BeniniBenini and G. De and G. De 
Micheli. Micheli. ““Discovering Coherent Biclusters Discovering Coherent Biclusters 
from Gene Expression Data Using Zerofrom Gene Expression Data Using Zero--
suppressed Binary Decision Diagrams,suppressed Binary Decision Diagrams,””
IEEE Transactions on Computational IEEE Transactions on Computational 
Biology and BioinformaticsBiology and Bioinformatics, to appear., to appear.


